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Abstract

We address the problem of computing temperature correlation functions of the
XXZ chain, within the approach developed in our previous works. In this paper
we calculate the expected values of a fermionic basis of quasi-local operators,
in the infinite volume limit while keeping the Matsubara (or Trotter) direction
finite. The result is expressed in terms of two basic quantities: a ratio p ()
of transfer matrix eigenvalues and a nearest neighbour correlator (¢, £). We
explain that the latter is interpreted as the canonical second kind differential in
the theory of deformed Abelian integrals.

PACS numbers: 02.30.1k, 02.20.Uw, 75.10.Pq

1. Introduction

The present paper is a continuation of the paper [2], which was written almost a year ago and
was dedicated to the memory of Alyosha Zamolodchikov. It so happens that the topic we
discuss this time is not too far from a domain in which he made giant footsteps. So, life goes
on, but there stays a painful sorrow caused by his early death.
Consider the XXZ spin chain with the Hamiltonian
1 1
H=§§:@%¢Hﬁ@@+A¢¢Q, A=§@+¢U, (1.1)
k=—00

where 0¢ (a = 1,2, 3) are the Pauli matrices. To avoid technicalities, in this Introduction
let us accept (1.1) as a formal object acting on Hs = @)~ C2. We shall touch upon the

j==00
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limit from a finite chain in the body of the text. In the papers [1, 2], we studied the vacuum
expectation values (VEVs)

(vac|g?*S@ O|vac)

2S(0) 1 _ )
(q )xxz (vaclg?5 0| vac)

(1.2)

Here |vac) denotes the ground-state eigenvector, S(k) = %le‘-:_w aj3, and O is a local
operator. We have obtained a description of (1.2) in terms of fermionic operators. For that
purpose, it was essential to consider operators of the form ¢>*5©® ©, which we call quasi-local
operators with tail «.

An important generalization of our results was proposed by Boos, Gohmann, Kliimper
and Suzuki [4]. They gave evidences that our fermionic description works equally well in the
presence of a finite temperature and a non-zero magnetic field:

Trs (e—ﬂH+hSq2aS(0)O)
TI'S (efﬁH+hSq2aS(0)) ’

@50V xxz 0 = (1.3)

where Trg stands for the trace on $s. For 8 — oo and i = 0, the expectation value (1.3)
reduces to (1.2). For us this was quite an exciting development, because it shows that the
fermionic structure is not a peculiarity of VEVs, but is rather a reflection of a symmetry hidden
deep in the model. It should be said that in the paper [4] the expectation values (1.3) were not
considered in full generality. The formula expressing them in terms of fermionic operators
was formulated as a conjecture, which was checked in some particular cases but was left
unproved.

The first question which we asked ourselves was, why not to add other local integrals of
motion to —BH + hS in (1.3). The physical meaning of such a generalization is obscure, but
it should be possible for integrable models. This question, together with an intuition coming
from the papers [6, 9], led to the following generalization of (1.3). Along with the space $s,
consider the Matsubara space 1,

ﬁM — C2sl+l R ® (C25n+1’ (14)

with an arbitrary spin sy, and a spectral parameter t, attached to each component. The
generalization of (1.3) is given by the following linear functional:

TI'S TrM(TS,Mq2K5+2aS(O) O)

Trs TrM (TS,Mq2K5+2aS(O)) .

Here Ty denotes the monodromy matrix associated with s ® $Hm (see (2.2).

The idea behind the generalization (1.5) is simple: for whichever spins and 7, that we put
in the Matusbara direction, Try(7s m) commutes with Hxxz. One expects that using cleverly
this arbitrariness in the definition of £y, it should be possible to reproduce any function of
local integrals of motion under the trace. In particular, in order to reproduce (1.3) from (1.5),
one has to take special inhomogeneities and then to consider the limit n — oo. This point
is explained in detail in [6, 9].° In the present paper, we compute Z* for finite n, leaving the
discussion of the limit for future publication. We would like to emphasise, however, that this
limit is not complicated. For finite n, Z* will be expressed in terms of only two functions,
p(¢), w(¢, &) (see (1.12) below) and one needs only to take the limit of them. Let us explain
all that in some more details, starting from our fermionic operators.

For the moment we forget about the Matsubara direction, and concentrate on the
description of the operators acting on $)s. The logic of our papers [1, 2] is close to that
of CFT: we describe the space of quasi-local operators as a module created from the primary

ZK{qZOtS(O)O} — (15)

© With an appropriate choice of p, (1.5) reproduces the trace of a ‘quantum’ transfer matrix of [6, 9].
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field ¢%*5® by creation operators. We recall below the main features of the construction
in [2].

We say that X = ¢>*50 is a quasi-local operator with tail o if it stabilizes outside
some finite interval of the infinite chain: to q‘w? on the left and to /; on the right. The
minimal interval with this property is called the support of X. The spin of X is the eigenvalue
of S(-) =[S, -] where S = S(o0) is the total spin operator. We denote by W, the space of
quasi-local operators with tail o, and by W, ; its subspace of operators of spin s € Z. Consider
the space

W = é We—s.s-

§=—00
On this space we defined the creation operators t*(¢), b*(¢), ¢*(¢) and annihilation operators
b(¢), ¢(¢). These are one-parameter families of operators of the form

Q) =) (-1,
p=I

PO =) @@= S@) =) (@ =D,
p=1

=1

b =¢ ) G =D7b,, €@ =" (= D7’e,

p=0 p=0
The operator t*(¢) is in the centre of our algebra of creation—annihilation operators,
[t°(5), (5] = [t°(1), €*(&2)] = [t°(£1), b™(82)] = 0,
[t°(£1), €(82)] = [t°(£1), b(82)] = 0.

The rest of the operators b, ¢, b*, ¢* are fermionic. The only non-vanishing anti-commutators
are

(b)), b* (D] = =¥ (/815 @), [e(g1), € (2] = ¥ (81/82, @),

where
2+1
Q) =" ) 1.6
V) =6 (1.6)
Each Fourier mode has the block structure
t; : Wot—s,s — WO(—X,.Y
(1.7)

* . * .
bp, Cp: Wafs+1,s71 g Wotfs,sa Cp, bp . Wafsfl,s+1 g szfs,s-

Among them, 7 = t]/2 plays a special role. It is the right shift by one site along the chain.
Consider the set of operators

Tmt;] ...t;jb;l CbE et et (RSO, (1.8)

gk 11 T
wherem € Z, j,k € Zzo,p1 2 ---2pj 22,1 > --->qr =2 landr; > --- > > 1. It
can be shown that (1.8) constitutes a basis of W, o (we postpone the proof to other publication).
Now we start to consider the spaces s and $y; together. We shall prove that

ZHE () (X)) = 2p(0) ZF{X}, (1.9)

K [ 1 K d%—Z
ZEb () (X))} = gygw(i,é)z {e(€)(X)}

i =g (1.10)

3
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dg?

=g (1.11)

1
Ze (X)) = —%ﬁw(é, $)Z {b(€)(X)}

where I" goes around £2 = 1. In particular,
(&) = 3 Z{E ()@,
(5, 8) = Zb*(©)e* ) (@)

They are given in terms of the eigenvalues of the transfer matrices and the Q operators, as well
as other characteristics in the Matsubara direction. Their explicit formulae will be given in
(2.6) and (7.2). In appendix C we shall explain that w (¢, §) is a quantum deformation of the
canonical normalized second kind differential on a hyperelliptic Riemann surface.

From equations (1.9)—(1.11) one immediately derives

7k {t*(é-lo) e t*(é‘]?)b*(é-l‘") e b*(é—f)c*(glf) L C*(Cf)(qz"‘s«)))}
k
= [20(&)) x det(@ (&, &))ij=1.... (1.12)
p=1

Taking the Taylor coefficients in (;f)z — 1 in both sides, one obtains the value of Z on an
arbitrary element of the basis (1.8). This is the main result of the paper.

The text is organized as follows. In section 2, we give the precise definition of the linear
functional Z* on the space W, o. We explain that on any particular X € W, ¢ this functional
reduces to a finite expression. In section 3, we prove (1.9). A significant part of this section
is devoted to the reduction of Z*{t*(¢)(X)} to finite intervals. This is a point which is used in
section 6. In section 4, we explain some simple facts about transfer matrices and Q operators
in the Matsubara direction. It should be considered as preparation for the following sections.
In section 5, we introduce g-deformed Abelian integrals which are constructed via eigenvalues
of Q operators in the Matsubara direction. We introduce g-deformed exact forms and present
the g-deformed Riemann bilinear relations. In section 6, we consider Z“{b*(¢)(X)}. We
formulate two lemmas which are proved in appendices A and B. Informally, these lemmas say
that Z“{b*(¢)(X)} is a g-deformation of a normalized second kind Abelian differential in ¢,
which has a prescribed singularity specified by the quasi-local operator X. In the classical limit,
such a differential can be expressed using the canonical normalized second kind differential.
Formula (1.10) is an analogue in the quantum case, the function w (¢, &) playing the role of
the canonical differential. In section 7, we define w (¢, &£). Using the results in section 5, we
prove that it satisfies all the necessary requirements. Finally, in section 8, we prove the main
theorem which states that (1.10) and (1.11) hold.

As mentioned above, appendices A and B are devoted to the proof of the technical lemmas
in section 6. In appendix C, we consider the classical limit of the g-deformed Abelian integrals
and differentials. Then we explain that the classical limit of (¢, &) is indeed related to the
canonical normalized second kind differential. Some general information about differentials
on Riemann surfaces is provided. Readers who are not familiar with Riemann surfaces are
recommended to read section 5 and appendix C together. In appendix D, we show equivalence
of several non-degeneracy conditions accepted in the text.

2. Definition of the linear functional Z*

Consider a two-dimensional finite lattice composed of two one-dimensional chains: the space
chain and the imaginary time or the Matsubara chain. The space chain has 2/ sites which are
labelled by the letters j = —[+1, ..., [. With every site the Pauli matrices o are associated.

4
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Figure 1. The broken links represent the operator O: the arrows on them are fixed.

The Matsubara chain has n sites labelled by boldface letters m = 1, . .., n. With every site we
associate a half-integral spin sm and a parameter 7, in other words a (2sm + 1)-dimensional
evaluation representation of the quantum group U,(sl;). We assume that Y o | sm is an
integer.

We define the monodromy matrix

Tim(@C)=L;n/t)Ljn-1(/Ta=1) - Lj1(¢/T1).

The L operator L j (¢ /Tm) is obtained from the universal one

H+l

_Hn _ HoL

$2qF —q72 (q—q ) Fqs )
H-1 H-1 H-1 ’

(@—q™ Vg T E g7 —qz ),

by letting E, F, H act on the (2sy, + 1)-dimensional representation of U,(sl;). We shall

consider a twisted transfer matrix

TM(;: K) = Trj(T],M(;‘a K))s
Tim(C. k) = Tim(0)g %,

and use the letter 7' (¢, k) to denote its eigenvalues.
Now we are ready to introduce the main object of our study. On the space W, o consider
the linear functional

Lj@)=q> (

72O 0) = Iim M Trp a1 (T-pe1,.mg > * S 04eSim0 0)

. 2.1)
-0 Trym Trlil_'_l’”(7-'[7[+1,lI’Mq2(K5[7/+I,IJ+O[S[—I+1.0J))

Here and for later use, we set
Tk = Tem - - - Tum, Tim=T;m(D). (2.2)

In terms of the equivalent six-vertex model, functional (2.1) is given by the partition function
on the infinite cylinder (figure 1).

Suppose that the transfer matrix Ty(1, ) has a unique eigenvector |«) such that the
corresponding eigenvalue 7 (1, «) has the maximal absolute value. Similarly let (k + «| is be
eigencovector of Ty(1, ¥ + ) with the eigenvalue T' (1, k + ) possessing the same property.

5
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Let us remark that for the XXX model the spectrum in spin zero sector is known to be simple
even in the homogeneous case [14]. Suppose also that

(k +alic) #0. (2.3)

It is clear that in this situation (2.1) reduces to the linear functional

7SO 0) = lim (i + o Trp_ g1, (T 1,13, g > * S-S0 O) i)

. 2.4
1=00 (K + | Trp—ps1, 1 (Tj—141,0,m g2 SmnteSiimio)) ) @9

This is the object which we shall calculate. For any given quasi-local operator we can proceed
further. Indeed, if the support of g?*5© O = ¢?*S*=D x|, . is contained in the interval [k, m]
of the space chain, then

(i + 0| Trge ) (T m1,m @5 X)) 166)

Z(g* S D X ) = p(DF! T, O e ale) : 2.5)
where
_ T, a+k)
p(g) = Tex (2.6)

Function (2.6) will play an important role for us; we shall see in the following section that this
is the same function as in (1.9). The last formula (2.5) shows, as it has been said, that the limit
| — oo is superfluous. It is put in formula (2.4) just for the sake of treating all quasi-local
operators simultaneously.

It may look surprising that the thermodynamic limit in this approach is so simple. Usually,
it requires a complicated analysis of Bethe equations. Certainly, the complexity of the problem
cannot disappear, and it is hidden in the limiting process n — oo to arrive at (1.3). But the
idea used in [7], and developed further in [8], is that one can proceed rather far before taking
this limit. This is especially true in the present work. The complexities of the thermodynamic
limit of Z*(X) are confined to only two functions, for which one can take the limit n — oo
rather easily.

Let us emphasize one point which may be a source of confusion. We started with (2.1),
reduced it to (2.4) and further to (2.5). The expression on the right-hand side of (2.4) is
perfectly well defined for any pair of eigenvectors of Ty (¢, k) and Tm(¢, k + ) satisfying
condition (2.3). For the computation of (2.4) we shall use only quite general facts concerning
Bethe vectors, so they are valid in general. Still, the subject of our study is (2.1), and it reduces
to (2.4) only for the eigenvectors corresponding to the maximal eigenvalues.

3. Computation of Z*{t*({)(X)}

According to (1.7) we are actually interested only in the following block of t*(¢):

t*(é-v CY) = t*(g)lwayoﬁwmo'

Let us recall the definition of the operator t*(¢, o) given in the paper [2]. We start with a
finite interval and an operator X[ ,,;. With this notation we imply that X ,,; acts as I outside
[k, m]. Define for ! > m

ti.n (€ ) Xem) = Tra (Ta, . (€5 ) (X m))s
where

To,ik,n(C, ) Xig,m)) = Ta,[k,l](z)qaa(?X[k,m]Ta,[k,l](é‘)ila
Tokn(€) = Ra () -+ - Rai(0),
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R, j(¢) is the standard 4 x 4 R-matrix (see e.g. (2.4), [2]). Define further
R, (%) = Ry j(OP; ;6% = 1+ (2 = Dry (22,

where IP; ;(-) = P, j(-)P; j and P, ; is the permutation operator. Since @Zj(l) =1, r,;_,~(§2) is
regular at ¢? = 1. Then [2]

-1
tn (@) X)) =2 €2 = D700, @) - izt COR (D Vigemer))

j=m
+ (2= ) e e 1) - Bt COR (@) Yigmai))s

where Yk m+1) = q"“’k3 7(X[k.m), T 1s the shift by one site of the chain to the right, and

R (%) Ymsr) = IE,V,LH,W,(Cz) e @Zﬂ,k(;z)(y[k,mﬂ])o
Hence the limit / — oo is well defined as a power series in 2 — 1:

() (@™ Xpem) = lim g5V, @ o) (X))
o0
— i— ~V
=250 DN (@ = DT () - B2 CORT (D) Femen))-
j=m

We repeated these definitions because we want to make clear the following point. Take a
2 x 2 matrix K such that Tr(K') # 0 and consider the following object:

thn (& o K)(Xkm) =

Tr(K) Tr, (KaTa,[k,l](c» a)(X[k,m]))a

Then it is easy to conclude from the above definition that

th (oo K)Xpem) =t 16 ) (Xpgemy) mod (-1 (3.1)

Lemma 3.1. We have

2 () (@0 0)) = 2p(0) 2°{g**5 P 0). (3.2)

Proof. Without loss of generality, let O = X{; ,,; be localized on the interval [1, m],

Z (¢ ) (X1 mg ™))
lim (i + | Trp e (Tinomq S0 T . (€5 @) (X1 mp) )
00 T, ) {k+alk)

=
From the considerations above we obtain
(e + o] Try 1.0 (Tr Mg ™ 5 T 100 (0 (X1 m)) i)
3
= TC.0 (i + | Trp . (Ti @S0 Ty ()G % T 1.0 (€ @) (X1m) k)

mod (22— 1)/,

The idea here is exactly as in (3.1). The monodromy matrix Taql\/[(é,')q’“’a3 plays the role of
K,. The fact that it carries the additional structure as operator in the Matsubara space is not
important. What is important is that the state |«) is an eigenstate of Tra(Ta,M(g)q’“’a) with

7
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eigenvalue T (¢, k). Now we can proceed using the Yang—Baxter equation and the cyclicity of
trace:

3
(e + | Try .o (Ti g™ S0 Ty ()G % Ta 1.0 (€ ) (Xp1m)) ) i)

T, x)
2 (k+a)o? 2ucSp1
= T (k +a|Trpy .0 (Tan1,n () (Tam(8)g “Tnnmq " Xm)) i)
2 3
= T (ic + a| Trp1 .0 (T (g % Tiy 1y g™ 50 X1 ) lic)

= 2p() (ke + | Tryy 1y (To g ™S X1 mp i)

which proves the assertion. ]

Some comments on (3.2) have to be made. It has been said that 7 = t{/2 is the shift by
one site of the chain to the right. According to [2] the rest of t}, is constructed from the adjoint
action of local integrals of motion. Then, looking at (2.1) one may wonder where p({) comes
from. Naively, it should not be on the right-hand side because T and adjoints of the integrals
of motion commute with Try (7o m) and hence they should not contribute to (2.1) due to the
cyclicity of trace. However, this is not correct in the presence of the disorder field ¢?*5©. Let
us explain this point in the simplest case 7 = t/2. Consider definition (2.1). For finite / in
(2.1), we define the cyclic shift by one site 7P¢°d4i¢_ which acts in particular as

-beriodic (anS[,,”,o]) — qZDtSHJrz.l].

On the other hand, it is easy to see from the definition that our operator T acts as
T(qzaSL—IH,OJ) — anSHu,u_

This difference accounts for the appearance of p(1) in functional (2.1). A similar thing
happens with the adjoint action of the local integral of motion I,(-) = [/,, -]. The operator
]IEeHOdlC feels the two inhomogeneities of ¢2*Si-+101: between sites 0 and 1 and between sites
—[ + 1 and [, while the operators entering the definition of t*(¢) feel only the first one. This
is the reason why p(¢) appears. There are two cases when p(¢) = 1. The first one is trivial:
o = 0. The second one is the case of VEVs (1.2) which was considered in [1, 2].

Before proceeding to b* and ¢* we have to give some explanation about g-deformed
Abelian integrals.

4. Spectral properties in Matsubara direction

Consider the transfer matrix

(¢, 1) = Tra(Tom(0)g’%).

Let us introduce the Q operator
QM. 1) = ¢S Tra(Tam(E, 1),

where S is the total spin operator acting on the Matsubara chain, and
Tam(&.3) = Lan(§/t0) - Laa(&/m)g* .

Here the L operators are associated with the g-oscillator algebra with generators a4, a%, Dg4.
For the notation and conventions, see [2]. If s, = 1/2, then

1_ 2 2Dp+2 _ —Dy 0
LA,m(g)=< E;‘j ClaA> <q0 qDA) _ @.1)
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To obtain L 4 m(¢) for other spins, one applies the standard fusion procedure. The Q operator
Om(¢, 1) is defined by

OM(6.2) = JQy(&, —M)J,

where J is the operator of spin reversal.
These Q operators satisfy the Baxter equation:

Tm(C, M) OM(E,A) =d (@) 03 (Cq, M) +a(?) 0y (g™, »). 4.2)

These equations hold for the eigenvalues because Ty (¢, &) commute with Qf,[(é, A).
The functions a(¢),d(¢) are defined by spins and inhomogeneities present in the
Matsubara direction

a(g) = l_[ as, (£ /Tm)» ag(¢) = 2% — 1,
m=1

n “4.3)
) = l_[ ds, (¢ /Tm), dy(0) = 275 1,

m=1

Let us cite one formula from [5]

1
OM(6. M) On(Eq, A) — Q8 M) On(8g, A) = mw(ﬁ), (4.4)

where
n 2s
W) = l_[ Wy, (¢ /Tm), wy () = H(l _ p2gkasy,
m=1 k=1

Suppose that Ty (¢, A) has a unique eigenvector |A) with eigenvalue 7' (¢, A) such that
T (1, 1) has maximal absolute value. We denote by Q¥ (£, A) the eigenvalues of Qf,[(g ,A) on
|A). If the eigenvector |A) has spind — Y 1| sm, it follows from the form of the L operator
(4.1) that .S Q*(¢, 1) is a polynomial in ¢? of degree d, while £*~SQ~ (¢, A) is of degree
2 le:lzl sm — d. Due to the quantum Wronskian relation (4.4), their leading and the lowest
coefficients are both nonzero.

Let us discuss the symmetry under negating A. We have

Tm(g, =) = JTu(S, M), 4.5)
which implies that the spectra of Ty (¢, A) and Ty (¢, —A) coincide, and, in particular,

T, ») =T —2). (4.6)
Furthermore, the equation

Om(6.2) =T Oy, —0)J
implies that

0 (&)= 0%, —1). 4.7

Due to (4.5) the vectors |A) and | — 1) have opposite spins.
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5. Deformed Abelian integrals

Working with quantum integrable models, one should not neglect the important piece of
intuition provided by the method of separation of variables (SoV) discovered by Sklyanin
[13]. It has been explained in [10] that the matrix elements of observables in the SoV method
are expressed in terms of deformed Abelian integrals. In the case under consideration, which
is related to the algebra U, (sl,), these integrals are deformations of hyperelliptic ones. Let us
give their definition.

Introduce the function ¢(¢) which satisfies the equation

a(Cq)e(Cq) =d()e(?). .

This function is elementary

2s

n 1
(&) = Hﬁosm((/fm), %(()ZHW-

m=1 k=0

In addition to the contour I" which encircles ¢? = 1, we consider n + 1 contours in the ¢ 2 plane:
[y which goes around 0, and Iy, which encircles the poles 2= 'l:‘%lqzsm %=l (k=0,...,25n)

of @5, (¢/Tm)-
In the following, we use the g-difference operator

Acf(O)=fCq) — fgq™.

It acts on the class of functions of the form f(¢) = ¢*P(¢?), P being a polynomial in ¢? and
q?"**) =£ 1 for all integers n. Within this class the g-primitive A;l () is defined uniquely.
There are two kinds of deformed Abelian integrals,
+ F + dC2
70 ¢ k+a)Q (LKW(C)F, (5.2)
m
where ¢ 7 f*(¢) is a polynomial in 2, in order that the integrand is single valued.
We start our study of deformed Abelian integrals with the following technical lemma.

Lemma 5.1. Let (T f*(¢) be a polynomial in ¢2. Then, form = 0, ..., n, the following
identities hold:

d 2
/F [T, AT F(2q) — Ttk + ) A7 F£(0)} 07 (¢, k + ) 0 (¢, K)sa(g“);—i
d 2
-/ fi(oa(c)Q?(u+a>Q*<;q*‘,K>¢<;)§—i, (5.3)

d 2

fr [T,k + A7 F2(0) = T 0 A fHEq™H} 07 (¢, k + ) 05(C, K>¢<;)§i2
d 2

= fr fi(od(;)Qﬂm+a>Qi<zq,K>¢<;)§%. (5.4)

Proof. This can be verified directly by applying the Baxter equation to T (¢, k) Q% (¢, k),

T,k +a)QF (¢, k +«) and moving contours of integration. O

It is well known that, on a compact Riemann surface of genus g, the space of the first
and the second kind differentials (meromorphic differentials without residues) has a finite
dimension 2g when considered modulo exact forms. In [10] it was explained what are the

10
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g-deformed exact forms, for which the deformed Abelian integrals vanish. Since the proof
was omitted in that paper we include it here.

Lemma 5.2. Define a g-deformed exact form to be an expression
E(f5(0) =T& A (fHOTE )+ Tk +a) A (FFOTE « +a))
— T A (fFEPT (g, k +))
—T@ k+a)A ] (fF g T g™ K))
+a(Cq)d (@) f5(¢q) —d(cg™Ha @) fF (g™, (5.5

where ¥ f(¢) is a polynomial in 2. Then we have

d 2
/ E(F£@) Q7 (¢, k +@)0%(Z, m@)% 0.
Proof. Let us divide the integral into two pieces
d 2
| B ee e rmote, OO G5 = I+ I 5.6)
Im

where I; contains first four terms from (5.5) and I, contains remaining two. Apply (5.3) to
the first and the fourth terms in /;, and to the second and the third terms as well. Using the
Baxter equation and moving contours using (5.1), one obtains
- - - d¢?
L= / [5eq HT g™, 00T (¢ k+a) 0 (Lq™ ", D)@ 5
I'm
+ T +op -1 dg?
— | fFOTE k+)Q7 (L k+a)07(Lq »K)a(é“)fp({)?-
I'm
Now apply the Baxter equation
- - - - d¢?
L= / [E@Cq™HOT @ Kk +a)(QF(cq 7% )agqg™) + 0F(¢, 1)d (g 1))a(;>¢(;)7
Im

—/r FE@) @@ 0% (g k+a)

d 2
+d(0)0F(Lq. k + ) 0*(¢q ™", mmmo%
Moving contours we find
d 2
I = / (g ™a@) f2a™) - ad©) F*(€)) 0F (¢ +oz)Qi(§,/<)¢(§)§—i,
l_‘m
ie. 11 = —12. O

A beautiful feature of deformed Abelian integrals is that they allow for a deformation of
the Riemann bilinear relations as well. In [10] the latter are given in the full-fledged form.
For our present purposes, it is sufficient to use a part of them given by the following lemma.

Lemma 5.3. Consider the following function in two variables:

r(;‘ag) = r+(§‘,§) —r_(é, ;)7

where

r+(§‘,§)=r+(§,§|K,a), r_(Ev §)=r+(§’ Cl_Ka —Ol),



J. Phys. A: Math. Theor. 42 (2009) 304018 M Jimbo et al

and

rH(¢ Elie @) = T @ KA W& /8 )T, k) — TE K)))

+T (ke + ) A (W (/8 )Tk +a) — T(E «+a)))

— T KA (Yt /&, a) T (g k+a) — T k +a)))

— Tk +a) A (g7 ¢ /€, a)(T(tq™" k) = T (&, 1))

+(a(tq) —a@)d(Q)Y(qe /&, @) — (d(Eq™") —dE)a@)v (g~ ¢ /& ).

5.7
Then
d¢? dg?

/F/;V(C,E)Qf(C,K+W)Q+(§,K)Q+(§,K+05)Q7(5,K)§0(C)§0(5)§—2§—2=0~ (5.8)

Proof. The proof is similar to that of the previous lemma. We apply lemma 5.1, invoke the
Baxter equation and move the contours. When the Baxter equation is applied to expressions
like ¥ (¢ /&, )(T (¢, k) — T (&, k)) separately with respect to ¢ and &, a singularity may appear
from ¥ (¢ /&, @). In general, by moving the contours such a singularity produces intersection
numbers as in the genuine Riemann bilinear relations (see [11]). In the present case, this does
not happen because the contours do not have nontrivial intersections. ]

Clearly £%r*(¢, &) is a polynomial in £2 and ¢ ~%r~ (£, ¢) is a polynomial in ¢2, both of
degree n. This allows us to define the polynomials p: by

rR(EE) =Y L phehHETm, rTE ) =) E T paED M,
m=0 m=0

Introduce the (n + 1) x (n+ 1) matrices

. de?

A = / gi“”JQﬂc,x+a)Qi(c,x)¢<¢>§i2, (5.9)

IV
+ o E£,,2v 0T + d¢?

Bi,j=/ 0Tk + 00 € 0w E) (5.10)

T
Then (5.8) reads as
BT (A7) = AY(B7). (5.11)

We explain in appendix C that, in the classical limit ¢ — 1 (and for & = 0), A%, B* reduce
to the matrices of a-periods of differentials of the first and the second kinds, respectively.
Relation (5.11) becomes one quarter of the classical Riemann bilinear relations which state
that the full matrix of a- and b-periods is an element of the symplectic group.

Before closing this section let us make a comment. Suppose ¥ f(¢) is arational function.
We assume that the poles of this function do not overlap those of ¢(¢) and ¢? = 0. In this case,
the g-primitive A;l f(¢) is not uniquely defined, and in general develops infinitely many poles
q*"w (n € Z, w are the poles of {7 £(¢)). Nevertheless lemma 5.1 remains true. Actually it
tells that the deformed Abelian integrals on the left-hand side of (5.3) and (5.4) do not depend
on a particular choice of the g-primitive. For the same reason, deformed Abelian integrals
of the g-exact form in lemma 5.2 have unambiguous meaning. Later on we shall deal with
examples of such g-primitives of the form A;l(w(g/é, a)P(c?)) or A;l(lﬂ &/¢, a)P(Z?)).

12
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6. Properties of Z*{b*({)(X)} and Z"{c*({)X)}

Our strategy is to compute Z*{b*(¢)(X)} and Z*{c*(¢)X)} inductively, reducing them to
similar quantities involving the annihilation operators b(¢), ¢(¢). It has been said in the
Introduction that Z“{b*(¢)(X)} is nontrivial only when X € W, —1, and Z*{c*({)(X)} is
nontrivial only when X € W,_; ;. We denote these blocks by

b*(g’ a) = b*(§)|WH+1,_1ﬁ>Wavov C(;, a) = c(;)'Wa.,.L_]*)Wmoi
(¢, ) = (O, —>Waos b(Z, &) = b w,1-Wao-

Hence the nontrivial part of our main equations (1.10) and (1.11) takes the form

1 dg?
Z5b (¢, ) (X)} = z—mﬁw(f,é)zk{c(&d)(x)}éiz, X € Wasi,—1, (6.1
K f ok 1 K d%—Z
2 (¢, (X)) = —Tygw(i,g)z {b&, )(X)}—. X € W11 (6.2)
Tl Jr E

Our task is to establish the existence of w (¢, §) and to determine it explicitly. In view of the
spin reversal symmetry which relates (b*, ¢) with (¢*, b), we shall concentrate on the first pair.

Apart from an overall power of ¢, b*(¢, «) is defined a priori as a formal power series in
¢? — 1. Nevertheless when acting on each operator it reduces to a rational function, due to the
same mechanism as explained for t*. Namely,

b*(¢, @) (@* V5O X1y ) = g*5© 11_131010 Tre{Te 1,0 (0 e, 11,m1 (&5 @) (X(1,m1)}- (6.3)

We recall the definition of the operator g. [; (¢, o) in appendix A. Formula (6.3) together
with the requirement of translational invariance can be considered as a definition of b*(¢, «),
but self-consistency of this definition requires that g. 1 (¢, @) satisfies certain reduction
relations which were proved in [2].

Using (6.3) we find by the same method as in lemma 3.1

T (&, K)Z5 ", ) (@O X (1 m)
_ Trmy,e (€ + o T mym (1, ) Te (S €286, 11,m1(S @) (X 1m) k)
T(1, k)" (k +a|k) ’

Due to this equation the left-hand side happens to be up to the overall multiplier {* a rational
function of ¢2 with poles only at ¢? = ¢g*2. Its singular part is given as follows.

Lemma 6.1. Set

4 _ 4 -

Wsing (8, 8) = =AYy (L /8, a) + T(C,K)T(E,K)(a(g)d(q Y (qt/§, o)

—a(g&)dE) (g~ ¢ /&, ). (6.5)
Then we have
dg?
=
where X € Wyyi.—1, I encircles Ez =1, and P,,({z) is a polynomial in 4'2 of degree at
most n.

1
T, k)Z" {(b*(éi o) — %ﬁwsing(é‘v £)e(, o) ) (X)} = (Y Pa(?), (6.6)

Lemma 6.1 is proved in appendix A.
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In order to characterize the quantity on the left-hand side of (6.6), we need to have a
control over the unknown polynomial P,(¢?). This is the point where deformed Abelian
integrals come into play. Introduce the notation

D F() = F(qt)+ F(g~'¢) =200 F(Q).

Lemma 6.2. Form = 0, ..., n, the following relations hold:

. 1 dg? — —
/ T, K)Z {(b (C,a)+r —2(5;D5A; W(C/S,a))C(E,a))(X)}
I'm wiJr &
_ . d¢?
x Q0 (¢ k+a)0 (C,K)w({)g—2 =0, (6.7)
forX €Wa+1’,1.

As explained at the end of section 5, one can apply lemma 5.1 to f*(¢) = Bgl//(g/é, o).
Then, the integral over ¢? in the second term can be rewritten as

— de?
fr T(@:«)D;DsAzlwc/s,oe)Q—@,x+a>Q+<;,x>w(;>Ti

= /F Dy (¢ /6, 0) Q7 (¢, k + )

2

d
x @) 0*(q~'¢, %) —d(C)Q+(q§,K))<p(C)§—i~ (6.8)

Hence it does not actually depend on a particular choice of A;l v(C/E, a).

Proof of lemma 6.2 is long and technical. We defer it to appendix B.

Comparing (6.1) with (6.6) and (6.7), we infer that the function w (¢, &) = w(¢, |k, )
satisfy the conditions:

(1) Singular part
T 1) (@(8, E) — wing (¢, £)) is a polynomial in ¢ of degree n. (6.9)
(2) Normalization
/r T (¢, k) (0@, &) + Dy DA W (£ /£, ) Q7 (¢ k +) O (L. 'c)<p(f)d§i22 =0,
(6.10)
(m=0,...,n). (6.11)

Furthermore, equation (6.2) requires an additional property of w(¢, €|k, o) (see
section 7).

(3) Symmetry

0, ¢l =« —a) =, &k, ). (6.12)

14



J. Phys. A: Math. Theor. 42 (2009) 304018 M Jimbo et al

7. Definition of w((, &) and its symmetry

We shall first give the definition of the function w (¢, £), and then prove that it satisfies all the
necessary properties.
In section 5, we defined the matrices .A* and B*. In appendix D we show that the condition

det A" # 0 (7.1)

is equivalent to the non-degeneracy condition (2.3) accepted previously. The classical analogue
of (7.1) states that ‘there are no holomorphic differentials such that all the a-periods vanish’.
Assuming (7.1), consider the function

_ 4 + t +— 1+, —
w(, &k, a) = TCOTGE. R (O (AT B (§) + wym (¢, &k, @), (7.2)

where vE(¢) are vectors with components vE(¢); = ¢, A, Bare given by (5.9) and (5.10),
and

wsym({v Eli, ) =

1
m{@a(&)d(o — T, )T E )Y(QL/E, @)

—(4a()d() — T )T E )Y (@ /& a)
=2y (¢ /&, a)(T (¢, )T (&, k +a) — T(E, )T,k +a))}.

The function wgym (¢, &k, o) satisfies the relation

Wym (8, &k, &) = wgym(§, ¢| — Kk, —a) (7.3)

due to (4.6) and the equality ¥ (¢!, —) = =¥ (¢, ).

The function ¢ (¢, £|k, «) is a rational function of 2. It is clear by the construction
that property (6.9) is satisfied.

The remaining properties (6.10) and (6.12) of w (¢, & |k, o) are more complicated, and we
formulate them as lemmas.

Lemma 7.1. The function w (¢, €|k, o) defined by (7.2) satisfies the normalization condition
(6.10).
Proof. By using definitions (5.9) and (5.10) we have
+ te A+\—1p+,,— - + dgz
V(AT BT ()0 (6 k+a) 07 (L, K)(P(C)?

=BV ({)m
d¢?

_ ﬁ rH ()0 (€, k+a)07 (¢, K)@(C)C_z»

Definition (5.7) can be rewritten as
r*(¢.€) = EW (/€ @) = {TE T i) {ogm(@, Elic, @) + DDA Y (L /€, ).
Therefore, the normalization condition (6.10) follows from

d¢?

/ EQ (/6,00 (¢, k +@) 07 (&, K)p(0) o = 0.
I'm é- -

Lemma 7.2. The function w (¢, €|k, o) defined by (7.2) satisfies the symmetry condition (6.12).

15
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Proof. In section 5, we had relation (5.11)
Bf(AT) = A" (B7)". (7.4)

In appendix D we show that det(A™) # 0 follows from condition (2.3). Hence both A* can
be inverted. So, invert them and multiply the result by v*(¢)" from the left and v~ (&) from
the right:

V() (A TIBIYT(E) = v () (AT) T BTv(©).

What remains to do is to add weyn (¢, & |k, o) to both sides, to use (7.3) and to recall identities
(4.6) and (4.7). O

8. Main theorem
Now we are able to prove our main theorem.

Theorem 8.1. Under the generality condition (2.3) we have

1 dg?
Z(b* () (X))} = e % (¢, S)ZK{C(E)(X)}%, (8.1
71 Jr E
K [ % 1 K déz
ZH{c () (X)) = —z—mﬁw(& 0Z {b(g)(X)}g—z- (8.2)

Proof. Consider (8.1). It has been said that it is sufficient to consider the blocks
b*(¢, a), c(&, a). Due to the structure of singularities (6.6) and (6.9) we have
dg?

1 -
T, K)Z" {(b*({,a) - %ﬁw(C,E)C(é,U))(X)} 2 £ Pa(c?), (8.3)

where P,(¢?) is a polynomial of degree n. Due to lemma 6.2 and lemma 7.1 we have
a 2 — + ng
(O Pa(E) 0 (G k+a)Q (C,K)fp(;“)?:O, m=0,...,n,
Im
which implies Pa(2%) = 0 due to (7.1).
Now consider (8.2). According to [2], the operators ¢*, b are related to b*, ¢ by the
transformation

$a(X(¢, @) = ¢~ 'N(@—1DoJox(, —a)ol,
where N(x) = ¢~* — ¢* and J(X) = JXJ~! is the spin reversal. Namely,
(¢, ) = —¢o(b™ (¢, @), b(g, @) = ¢a(e(S, a)).
It is also easy to see that
Z{X} = Z7J(X)).
Hence (8.1) implies
1 g8’
Ze* (¢, ) (X)) = oA fr (g, &l —k, —a) Z{b(, Ot)(X)}?,
which is equivalent to (8.2) due to (6.12). U
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Appendix A. Proof of lemma 6.1

In this appendix, we prove lemma 6.1. We also prove some additional result used in
appendix B (corollary A.2). First let us comment on equation (6.4). This formula is used in the
proof in order to reduce the action of the operator b*, when it is considered inside the functional
Z*, to that of an operator on the interval [1, m]. This is a great simplification, because without
Z* the support of the coefficients in the expansion of b*(¢, @) in ¢ — 1 becomes indefinitely
large. In other words, inside Z* the series expansion of b*(¢, «) can be summed up to a
rational function. Therefore, the proof of lemma 6.1 consists of computing the singular part
of the rational function. This task is done indirectly by considering an inhomogeneous space
chain. We introduce inhomogeneity parameters § = (§;), so that the original multiple poles
¢% = ¢*? in the homogeneous chain are split into simple poles ¢? = qizéf forl < j<m.
Define the functional

Zﬁym]{X[l,m]} _ Tr[l,m] (K + a|T[l,m],M(£’ K)X[],m]|K>

[T7= TE), 1) (i + i)
Tiumm(& k) = TimEr, k) - TG, k).
Using this functional equation (6.4) takes the form
Z5(b* (¢, ) (g SO X )}
= Z{1 me1128ms1.00m1 Gma1, O (X1 M= =6, =161 =¢ - (A.2)

First recall from [2] the definition of the operator k{; ,,,1(¢, @) and its basic relations with
cr1m1 (¢, 0), €t m (8, @), £1.5 (¢, @):

K11 (S5 @) (X1m) = Traa {07 Tia,api1,m) (€ )50 (g7 250m X1y )Y (A.3)

)

(A.1)

k[l,m]({, a)(X[l,m]) - A{f[l,m](g-f a)(X[l,m])
= ¢1m(q¢, ) Xpim) + €1m (@ ¢, ) (X(1m) + Tm) (€, ) (X[1m))- (A.4)

In the complex plane the operators ¢(1,,,1(¢, &), C1.m1 (¢, @), f1.m)(¢, o) have singularities at
¢ = gjz only. The operator g (1,m1(¢, @) is given by

28 (1m (& )X 1m) = fi1m1 (@8 @) Xp1m) + E1m (@2, 00) (X1 my)
= 2T 11,m) (&, 1, m) (€, ) (X [1,m) + 20c (1,m1(, 00) (X(1,m1), (A.5)

where

e 11, ) (Xpim) = Traa(Yare aTia Ay (1m) (C5 @) 0501 (g7 250m Xy ),

1.3 + + 3 + 3
Yoca = —50l0, +0. 0, —aso. o,.
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For the proof of lemma 6.1 we compare the singularities of g. (1 ,1(Z, &) (X[1,m]) inside
the functional Zp; ., with those of ¢y ) (¢, @) (X[1,m)) inside Zp ;.

[1m+1
It is known that g. [ m (¢, o)(X[1,,y) 1S regular at {2 = éf. Now we compare
resg2—g+262 8 [1,m] (&, 00) (X(1,m)) With res;2_g2 €1 ) (¢, &) (X[1,m))- Set
2

Upim = resg—g2qp1,m (&, a)(X[l,m])?y

Q11§ ) Xp1mp) = Tra (Ta,pm (€, 050 (g 250m Xy L)

Lemma A.1. The operator [anj, U[l,m]L has its supportin [1,m — 1]:

[0,;, U[1,m]]Jr = X[1,m—114m, Xpm—11 = Try, (G,:;U[l,n1])- (A.6)
We have
d¢? 1,
res;2_g2 €1 m) (&, (x)(X[l,m])F = _5[0’”’ Utim ], (A7)
d¢?
resg2—g2eg2 (8, (1,m) (85 @) (X(1m)) + Te(1,m1 (6> E1m) (85 ) (X(1m)) —5
é—Z
_ —ilom Unm], = Unm(tio} = optt) (e =+); (A8)
%[0';7U[l,m]]++(T,;O—:_O—ntfg)U[l,m] (e =—).

Proof. Property (A.6) appears in [3] as lemma 2.6 (see also [2], appendix D). Formula (A.7)
is proved in [2], lemma 2.2. The calculation for (A.8) is similar, but we omit the details. [J

Corollary A.2. We have the relations between €1 ,,,1(¢, @) and €[j m) (¢, o)
_ de?
resa_g2 (€prmy (¢, @) + 4y (8. )€ m (¢, a))(X[l,m])? =0. (A.9)

Proof. To see (A.9), it suffices to write

resgzzg},é[l,m](;v O5)()([1,}%]) = Tra (O';Pa,m’]ra,[l,mfl](‘i:ms a)U[l,m])

1
=Tr, (Pa’mTa'[l,ml](gm, o) ((0, 1)mU[1,m] (0) )> s

and use (A.6) and (A.7) and R-matrix symmetry. U
Using lemma A.1, we obtain

dg? )
resg2 o262 Zfy ity (28met 11,m Gty ) (Xpm)} 5
m+1
‘ d¢?
=respa—g2 Z}) yfenm (S, a)(X[l,m])}?

—2resg2 —g2e2 Z{1 ey {Untom (T 0mar = 0T ) } - (A.10)

Here the third term of (A.5) does not contribute, because the only singularities of f}; ,,1(¢, @)
are the simple poles at 2 = 51.2, and the following inhomogeneous analogue of theorem 3.1
holds

ZH e s 0m Gt ) Xp1m} = 20 Ena1) Z11 oy 1 X 11m1}- (A.11)
Note that
Tl — O Tyl = (TIZUIZH - Untf;m)P;;,mH’

18
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where P~ is the projector on the singlet,

P (v Quy) = 686+€/,0%(v+ Ru_ —v_Quy), 07V = EV.
Using the cyclicity of trace and the quantum determinant relation

Pyt T En) Tt M(GEn) = a(qEn)dEn) Py s

we find

a(q&m)d(m)
';'1:1 T(§j7 K) : T(Q%'m» K)

8 Tt met1 (6 + | T m—iym (€ U (Thoh ) — ot ) 16)

resf,%,+]=42§,%zfl,m+l]{U[l»m](T;ar;+l - U;TZH)} = I

(k +alk)
_ a(gé&n)dén) » l .
T T (&, k)T (GEm, k) Z11 m-1] {Trmz[om, U[l,m]]+}
2 ) d (Em i
a(qE ) (%' ) reSCz:,E,Z’[(l,m]{c[l,m](;.’Ol)(X[],m])}i

T, )T (Gém, ) <
In the last line we used (A.6) and (A.7). Computation of the residue at ¢? = ¢g~2£2 is done
similarly, using

T Ot — O Tyt = Pt (T Ot — O T
The residues at 5,721 1= qizéf are readily found from the R-matrix symmetry.
Lemma A.3.
K d ri+l
1ese2  —g2262 211 ma11(28m+1.00m1 Eme, @) (X m)} 3
m+1
; d¢?
= res{z:qﬂsj;a)({, Ej) I'CS{2:E]2 Z“’ml{c[l,m](g, O[)(X[],m])}?. (AlZ)
Proof. This follows from the preceding calculations and
4a(&)d(g&;
respr_rero(t, £ = | — —AENAGE)
J TEj, )T &g, K)
4a(&;q~"d(&))
res o, 2020 (8, &) = — (1 - 514 i’ )
/ TEj, )T &g K) O
Let us return to the homogeneous case & = --- = §, = 1. The operators ¢(¢, o), €(¢, )
acting from Wy41,—1 to W, o are defined by
(2, ) (@ “5OX ) = Ve (€, ) Xpm),
(A.13)

&(¢, ) (@50 X ) = 5O (8, ) (X m)

and the requirement of translational invariance. This definition is equivalent to that given
in [2]. The reduction relation proven there ensures the self-consistency of the present
definition. Equation (6.6) follows by writing (A.12) as a contour integral and specializing to
fr==gy =1

It remains to show that the polynomial P,(¢?) in the remainder term of (6.6) has degree
at most n. The only nontrivial case to consider is when the spin of X|; ,,j equals —1. Then it
follows from the fact [2] that

ge.1.m) (6, ) (X[1m) = O(1), ¢* = oo,
This finishes the proof of lemma 6.1.
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Appendix B. Proof of lemma 6.2

The goal of this section is to prove lemma 6.2. The proof is done in several steps.
Step 1. Recall definition (A.3). Fix a solution fy |1 ,,;(¢, ) of the equation

Acfo 1.m1(Cs ) (X11.m)) = Kpim) (&, o) (X(1,m)) (B.1)
which has poles only at ¢2 = ¢*'(n € Z). Define further

B3¢, ) (@ P O Xy ) = lim g Tre{Te pmor (O 8o.c.0m @ O X)), (B.2)

0.1 (C, ) X1m) = o, 1.01(@8, ) (X(1m) + Mo, 01.01(@ "¢, ) (X p1m)
— Te,t1,m (&5 o 11,m1 (&, ) (Xp1,m1) + e 11,m1 (8, o) (X1,m))- (B.3)

Lemma B.1. Define
(&) (X11m) = Om(C, & + @) Trpymy,e (Trmam (L, ) Tem
X (£, 1)80.c.11m1 (€ ) (X1.m1)) Opp(E, ).
Identity (6.7) follows from
de¢?

/ MO X 6) G = 0. (B.4)
I'm

Proof. Introduce the operator
DcF(§) = Fgt) + F(g™'¢) =t (©F (),

which can be used to rewrite the definition of b*(¢, «):

b* (¢, @) (g* O X (1)) = Do (@O (€ ) (Xp1m)
+q™%©® ll_l)To Tre{Te 1.0 ()0 (1.m1(C5 @) (X [1,m))}-

In similar formula for b(¢, ) the only change is f to f, u remains the same. Comparing this
with equations (A.4), (B.1) and (A.13) we arrive at

by(s. @) —b* (¢, @) = DA (e(¢q. ) +e(¢q ™" @) +E(Z, @)).

Now consider the term containing ¢ in (6.7). Note that due to lemma 3.1 for any quasi-local
operator X (¢) depending on ¢

Z(D; (X ()} = Z{D (X (0))}.

So we replace in (6.7) D, D¢ by D, D;. On the other hand, from (A.9) it follows that we
have an equality of formal power series in (¢2 — 1)7,

&z, ) (@O X )

1 k o dé:z
- L f V(I8 O (&, e, @) (@S0 X (B.5)
2mi r E
Using (B.5) we evaluate
i _ 1 dg?
c@q,a)+c(Gqg )+, ) = — P D:(V(5/§, ))e(§, ).
271 Jr §
In other words we obtain an equation similar to (6.4) with b* replaced by the expression under
Z* in (6.7), and g replaced by g(, which is nothing but the matrix element of (B.4). U
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Step 2. The next step is to reduce the identity to a difference equation for gy on a finite
interval. We will show that, for allm = 1, ..., n, identity (B.4) reduces to the same equation
for a quantity in the space direction. So, we can forget the Matsubara direction. Introduce an
operator

3 —
Ac,[l,ml(é-)(Yll,mluc) - Tc,[l,m](g-)qaar ec (Yll,m]ucec(Tc,ll,ml(;) 1)) )
where 0 signifies the anti-involution

0(x) = o’x'c? (x € End(V)).

Lemma B.2. Identity (B.4) follows from the equation
0.0t (€2 @) (Xtm) = —Ae1m (O (@0.e.01m1 (@' 0 @) (X1m))- (B.6)
Proof. By symmetry it suffices to consider the case m = n. We prove the assertion assuming

that s, = 1/2. The general case is reduced to this case by the standard fusion procedure.
From the defining relation (5.1) for ¢(¢), we have

e a(z) dg?
resp2—g—22¢(f)— = —————res2—2¢(¢) —.
ST T gy T
So, equation (B.4) is equivalent to
d(tag ™) I (t0) X1m) + a(Ta) Im(Tag ™) (X (1) = 0. (B.7)

Let us compute Iy (tn) (X[1.m)). We simplify notations introducing
Yium (85 00) = 8o,e,01,m1(8, @) (Xp1,mp)-
First, move T, m(tn) to the left using the Yang—Baxter equation:

Trpmy,e (Tr1,mm (L, € Te m(Ta, ) Yi1,m) (Ta, @)
= Tr1 e (Te M (Tas €©) Tyt (L ©) Tep1m1 (Tn) ™ Yt ) (Tas @) T 1,m1 (Tn)).-

Now, for s, = 1/2, the L operator satisfies

Len(1) =nPepn,
where we have set n = ¢'/2(¢ — ¢~"). Note that

Tem(ta, &) = nPenTem (Tn, k) = NTnm (Tn, €) Peon,

NTa (Ta, ) = Taa(Ta, & +)g ",
where M’ signifies the subinterval [1, n — 1]. Moreover,

(. ke + @) Oy (T, € + @) = a(a) Oy (Tag ™', & + ),
because d(t,) = 0. So we can evaluate Iy (tn) (X[1,m]) as
In(ta) (X1m) = a(tn) On(tag ™, k + ) Trp1 e (PenTiimm(L ©)

X G Tt ) (%) ™ ¥t ) Ty ) To 1) (7)) Oy (T, ).
Now note that
Titmm (L ) = Tiimgn (T ) Titmme (L €) = () T p1m) (T0) ™ Tyt mgwe (1 ),
where w1 (7) is a function whose explicit form is irrelevant for our calculation.
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Bring the permutation through 77y ,,;,m and put Ty 1. to the right by cyclicity of trace:
I () (X1,m) = w(m)a () Oy(Tag ™' & + @)
3 Ttg1 e Tyt (1 €) Peong ™% T 11 (%) ™ Y11 (T, @)) O3y (s ).
We compute IM(rnq’l)(X[l,m]) similarly, using
Tom(g ™' k) = =20g " P, Tem (tag ™", 1) = 2P, Tn(tag k),
Tn(tag ™" ) Qnp(tag ™" 6) = d(Tag™") Q31 (T, K).
The result is
In(tag ™) Xpim) = w(w@)d(tmg ™) Oy(Tg ™"k + )

X Tr(tmy.e (Tim. e (1 1) PenBe (Vi my (tag ™", @)0c(Tej1.m) (tn) ™)) Qg (T ).
where we applied the anti-automorphism 6, under Tr, using Tr(6 (x)) = Tr(x) and 6. (2P ,) =
P, n. Thus (B.6) implies (B.7). ([l
Step 3. The third step is to reduce (B.6) to representation theory.

Lemma B.3. Set

+ - _+
c a c’
+

— oot +1™
Yy =o0.0,+1,1,

—ttt +(t o) —oft})as —olo)al.

Then equation (B.6) is equivalent to the identities

Tre,a,a Y Tetm @ O Ta1m (@ ¢ O Ta1m(g7 ¢ (X[ ) =0
=y ),

where we have set X|, ,, = (g~ ') Sumg=2Sum Xy .

(B.8)

Proof. Recall definitions (B.1) and (B.3). From the definition of A, [; ,,) we easily find that
Ac1m (©) xeX1.m1) = Tep1.m1 (€5 ) (Xp1.m) 0 (xe), (B.9)
Ac it @) Tetm (@™ & ) (Xptm) = Xptm- (B.10)
Write
e 11,m1(8, @) (Xp1,my) = —%03k[1,m](é', ) (X(1m1) + 0 1 m (€, @) (Xp1mp)-
Applying (B.9) and (B.10) we reduce (B.6) to the form

0 = (Kpim1 (€, &) Xpim) — Teptm (€ ) Kpm1 (@ ¢, ) (X m))) T
+ (1 (€5 O Xpim) — Teptm (€ ) At (@718, ) (X1 m)))or

We rewrite this further, using the fact that y. = 0 if and only if Tr.(x.y.) = O for any
x. € End(V,). Nontrivial conditions arise from the choices x, = 7t or o, giving respectively

Kt (6. ) X)) = Treaa((0f 7 + (0 — aso))o))

X Te 1. m (& ) Tia ayi1m (@ ¢, @) (@ o) S0 (g7250m Xy L)), (B.11)
Ly (. @) (Xtm) = Treaa((0f0s + (0] —ano))T))

x Te.t1m (6, O Tia,ap0,m (@ 8 @)@~ O (g ™20 Xy ). (B.12)
On the other hand, we have an identity (see [2], (2.20))

T a t1,m1(Cs ) (Xp1m1) = Tra (T T, ay 100 (@ "¢, ) (@' O (Xp1m))s
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which allows us to rewrite the left-hand side of (B.11) as
Ki1,m1 (8, @) (Xp1,m1)
= Tre.a.a (077 Tet.m @ ) Tia ) m (g™ @) (g™ O* 50 (g720m Xy ).

For ;1 ,1(¢, o) (X11,m7), We obtain an analogous expression, replacing o, 7, by (oc3 +ay o;)ra*.

After this rewriting we take the difference of the left- and the right-hand sides of (B.11)
and (B.12), and do further the gauge transformation
Foa-Twaanm(@, o) - Fa}l\ = To1.m (& ) Ta 11,m (&, @) (Fua =1—as0]).
The assertion of lemma follows. O

To finish, it remains to prove (B.8). Let R be the universal R matrix of U, (5:\[2). Denote
by 7, the evaluation module over V = C?, and by @, that of g-oscillator representation W.
For the notation and details, we refer to appendix A of [2]. Let further 7, = nfbm. The
identities of lemma B.3 can be written as
Trc,a,A(y(T[{ ® nq*‘{ & wq*'{ ® n[l,ml)R) =0 (y = Y1 y2) (Bl3)
In the tensor product
Z = V{ ® Vq_ll ® Wq—lg,
there are two pairs which allow for nontrivial U,b-submodules:
VO C Vg— ® Vq—lg-, W() C Vq—lg' ® Wq—lg-.
The submodule Vo >~ C (resp. Wy ~ W,-,) is spanned by v, ® v_ — v_ ® v, (resp.
(i@ n)+ (@ — D, ® |n — 1) }u>0). Set

Z=Vo®@ Wy, Z, =V, @ W,.
Then a direct calculation shows that
nwZ C Zy, nZ; =0,
nZ CZ & 2, nZ C Z, 2Z> C Zy.

Since xZ; C Z; (i = 1,2) holds for x € U;b, we have
Treaa(yi(my @ mg-1; @ Wy-1.)(x)) =0 (x € Uyb).
The proof is now complete.

Step 4. To complete the proof of lemma 6.2, we show the matrix element of (B.4) between
(k + |, |«) form = 0. The integral consists of two parts, say J; and J,, coming from the first
three terms in (B.3), or from u. [1,,(¢, @), respectively. We note that in view of (B.1) and
lemma 5.1 the proper meaning of J; is

1
Ji = 5/ (k +a|Trpr e (Trmm L ) Te M5 ©OKe 11,m1 (85 @) (X 1,m1) [K)
To

X Q7 (¢ k + ) @) Q" (g "¢, 1) — d(©) Q" (g¢, K»go(z)dé_—f.
The functions
Tem(8,6), 9(6), $7 Q7 (5 k + @), £ Q7 (¢, k), a(¢), d(¢)
are all regular at > = 0. On the other hand, for X|; ,,;; of spin —1, we have the estimate
E K (G ) Xpm) = 067 (2= 0),
as explained in [2], section 2.5. The same argument there shows also
E (6 ) X)) = 0% (67— 0).
It follows that in both J; and J, the integrand is regular and the residue at ¢ = 0 vanishes.
This completes the proof of lemma 6.2.
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Appendix C. Classical limit

In this appendix, we explain the classical limit of our construction and its relation to
hyperelliptic Riemann surfaces. We shall not go into much detail since similar considerations
were discussed in [10, 12]. We assume o = 0. At the moment we are not ready to discuss the
classical limit in the case o # 0. We consider Bethe vectors of spin 0, so that ¢ ¥ Q% (¢, k)
are polynomials in ¢? of the same degree

n
s = E Sm-
m=1

In the parametrization ¢ = ¢™", the classical limit amounts to v — 0. So v plays the
role of Planck’s constant. Let us see what happens to the solutions to the Baxter equation
in this limit. First of all, in order to obtain a Riemann surface of a finite genus, we keep n
finite. But for the classical limit we need to have large quantum numbers. This is achieved
by considering large spins sp,. Actually, this was the main reason for us to consider arbitrary
spins in the Matsubara direction. So, we require that vsy,, or equivalently ¢*, tend to fixed
non-zero values when v — 0. Similarly, we demand that vk, or g*, stays finite in the limit.
In this situation, a(¢), d(¢) and T (¢) = T (¢, «) tend to polynomials in ¢? of degree n, which
we denote by the same letters as in the quantum case.

In the classical limit, the poles of ¢(¢) concentrate on the portion of circles between the
end points t2g > and t2g*n. The s zeros of the polynomials ¢ T Q% (¢, k) concentrate to
n open curved segments Cp, close to the above circular segments. This claim is difficult to
prove, but we can justify them by analysing the Baxter equation in the classical limit.

Consider the Baxter equation

d(©)0g) +a@)0kq™ ) =T Q). (C.1)

We look for its quasi-classical solution in the form

2riv 5_2
where 17(¢) is a function independent of v and F (¢, v) is a power series in v. First, dividing the
Baxter equation by Q(¢) and considering the leading order in Planck’s constant we conclude
that 7(¢) must solve the equation
d@m@) +a@)n ' @) =T ). (C.3)

This is the equation of the spectral curve of the corresponding classical model.
The function 1(¢) has two branches,

T(6) £V/T(©)? —4a(t)d()

2d(¢) ’
for future convenience we choose the branch of the square root such that \/(g¢ — ¢=*)2 =
q“ —q "

Consider the behaviour {2 — co. The polynomial T'(¢) is not arbitrary, it comes from
the quasi-classical limit of a solution to the Baxter equation (C.1). Recall that for large ¢ the
function QF(¢) is O(¢***%) as discussed in section 4. Also we have for ¢2 — oo and to the
main order in Planck’s constant

a(g.):_c—2q2s§.2n+“_’ d(;):_[—zq—254.2n+.."
where T = [] tm. So, the Baxter equation implies that

T@)=12(q"+q )™+ .

1 e dg?
0(5) = F(g, v)exp —/1 logn(§) , (C.2)

n= () =
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Hence when ¢2 — oo we have nt — g%

quasi-classical limit of Q* (resp. Q7).

Throughout this paper we use as parameter { while all the important quantities are
actually functions of ¢2. This notational problem is due to historical reasons, and we are
forced to tolerate it in the quantum case. However, in the classical case this notation becomes
very unnatural making incomprehensible simple formulae for differentials on hyperelliptic
Riemann surface. That is why in what follows we shall often use the parameter z = ¢2. For
the same reason we denote the discriminant 7'(¢)? — 4a(¢)d(¢), which actually depends on
£2,by P(z?). Recalling that a(¢), d(¢), T (¢) are polynomials of ¢? and making the change of
variables, z = ¢2, w = 2d(O)n(¢) — T(¢), we bring the spectral curve (C.3) to the canonical
form:

, which means that n* (resp. n~) corresponds to

w? = P(z2). (C.4)

In the g-deformed Abelian integrals the integration measure contains O~ (¢, k) Q* (¢, k).
The most direct way to compute this quantity uses the quantum Wronskian (4.4)

1
—— W) = 0", k)0 (g, k) — 0 (£, k)07 (¢q, k)

= 7 =)0 () QG k).
This implies

1
0" (¢, k)0 (€. Ke) — (C.5)

1
v=0 g7F —g¥ \/ng) ’
where we used the identity W (¢)d($)e(¢) = 1.

The discriminant P(z) is a polynomial of degree 2n. Let us call its zeros xi, ..., Xon.
The Riemann surface (C.4) is presented as two copies of the z-plane glued together along the
cuts [xXom—1, X2m]. According to the conjecture accepted previously, the branch points can be
ordered in such a way that the cut [xom—1, X2m] i not far from the location of poles of ¢(¢)
which are contained in the contour I',. According to (C.5), for any polynomial L(¢?) we
have in the classical limit

Iy _ d¢? 2 L(z) dz
f LENQ €00 @75 = = | =
where ¢y, is a contour going in the z-plane around [xpmy—1, Xom] for 1 < j < n, or around
0 for m = 0. The limit (C.6) requires some remarks. The integral on the left-hand side is
taken over the contour I',. In the limit the integrand develops cuts which appear as a result of
concentration of zeros of Q*(¢, k) Q™ (¢, k) and poles of ¢(¢). So, obviously, in the limiting
process we have to deform the contour in order that it does not cross the cut. This is how the
integral around ¢y, appears.

The Riemann surface (C.4) has genus n — 1. The contours ¢y, withm =1,...,n—1
can be taken as a-cycles. Our Riemann surface has two points 0F which lie on different sheets
and project to z = 0. The contour ¢y goes around 0*. Similarly we have two points oo which
project to z = 0.

Define the differentials on the Riemann surface
i1

9= 5H

The differentials oj(z) where j = 1, ..., n — 1, are holomorphic (the first kind) differentials,

while the differentials oy and oy, are the third kind differentials. The differential oy has simple

poles at z = 0%, it is dual to the contour cy. The differential o, has simple poles at z = co™.

. (Co

Fm

dz, j=0,...,n
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The holomorphic differentials can be normalized with respect to ¢;,i = 1,...,n—1
because

This is the classical version of (7.1).
Consider the differentials whose only singularities are at co*.
forms

Among those are exact

d
L EVP@)dz, 2 dz, k> 0. (C.7)

Up to exact forms, holomorphic forms and the third kind differential oy, (z) there are n — 1
linearly independent second kind differentials with singularities at co®:
S } dz P _
Uj(z)—z[dz(z P(z))+2m, j=1,...,n—1,
where [ f(z)]+ means the polynomial part of f(z), which is a Laurent polynomial at z = oo.
We shall use at some point the differential 6y which is an exact form.
The most important identity in the theory of Riemann surfaces is the Riemann bilinear
relations. Usually this identity is written in the form

g
Z(/ wlf wz—/ a)lf a)2>=27ria)loa)2,
m=1 Am bm bm Aam

where w » are the first or the second kind differentials, and

wow) = — Z res(a)ld_lwz).

In our case the a-cycles coincide with ¢y, ..., cq—1- The b-cycle by(m=1,...,n—1)
crosses the cycle ap, once on the first sheet of the surface, goes to the second sheet through the
mth cut, arrives to nth cut by the second sheet, crosses this cut and returns by the first sheet to
its beginning.

An alternative way of writing the Riemann bilinear relations is the following. It is easy
to see that o and & constitute a canonical basis

o‘ioé'j :8i,js 0j O 0j =O, 5‘105’j =0. (CS)

Now construct the antisymmetric form

n—1
a(x,y) = D _(05(0)Ei(y) = 0j(1)E;(x)). (C.9)
j=1
Then
f / o(x,y) =2migy o g2, (C.10)
81 Y82

where on the right-hand side we put the intersection number of cycles. From the explicit
formulae for o; and 6j, one easily finds the 2-form o (x, y),

3 (1 JPO\ 8 ( 1 JPX
ox,y)=|— - — dxdy. (C.11)
dy \y —x /P(x) 0x \x —y/P(y)
This form is exact, so, apparently the integrals over all 2-cycles must vanish. However, there
is a singularity at x = y which produces the intersection number on the right-hand side of
(C.10). All this is quite standard, so we do not go into much detail.
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Consider a particular case of (C.10),
/[a(x,y):O, i,j=1,...,n—1. (C.12)

This is true because the a-cycles do not intersect.
On the product of two copies of Riemann surface we have the canonical second kind
differential p (x, y) with the following properties.

e The differential p(x, y) is holomorphic everywhere except the diagonal, where it has a

double pole with no residue
1
plx,y) = (—2+ 0(1))dxdy. (C.13)
(x—y)

e The differential p(x, y) is normalized with respect to x,
/p(x,y):O, m=1,...,n— 1 (C.14)

An important consequence of the Riemann bilinear relations is that this differential is
automatically symmetric:

p(x,y) = p(y, x). (C.15)
Let us explain this by giving an explicit construction of p(x, y). We start with an exact form
in x,
0 P
S P
dx \vP(y)(x—y)
which obviously has the required singularity at x = y, but has also additional singularities

at infinity. Because of (C.9) and (C.11), these singularities are cancelled in the following
expression:

B 3 m n—1 ) n—1
P, Y) == (m) dxdy + Em(m(y) + JZZI Xi,j0i(X)0i(y),

where the matrix Xjj must be defined from the normalization condition

n—1
in.j/ O’j'l'/ 6; = 0.
j=1 Ck Ck

Now writing a similar formula for p(y, x), it becomes apparent that symmetry (C.15) is
equivalent to the fact that X is a symmetric matrix. This fact follows from (C.12). There is an
obvious similarity between this argument and the proof of lemma 7.2.

Suppose that we want to construct a normalized second kind differential with given
singular part. To be more precise, we allow a singularity only at x = 1 with a given singular
part

N
Tsing(x) = Z)/k(x — 1)71{ dx.
k=2

So, we look for a differential which has the singular part T4, (x) at x = 1 and is holomorphic
elsewhere. We require that t(x) is normalized

/ T(x) = 0.
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It is rather obvious that 7 (x) is given by

T(x) = ﬁ o (x, ¥) d  Thing (), (C.16)

where the contour I' is as usual: 1 is inside it and x outside.
Let us return to the quasi-classical limit of the quantum formulae. First, note that for
o = 0 the operator D becomes the second difference derivative because p(¢) = 1:

1 1
(iv)? (iv)?

Also A;l goes to the primitive function

— d 2
De(f(0) = ——=(fCa)+ fcq™) =2/ (@) = (45) f©):

-1
2 A () = (4%) f©).

Consider the f(¢) = L(¢?) and the corresponding g-deformed exact form (for @ = 0 there is
no difference between f*(¢)):

2y _ | PN dg?
@,(§7) = ——E(f(©)Q (D) (De(§)—
iy ¢
then
d
@, (2) et —&(L(Z)\/ P(z))dz.
Denote

2 g2 1 - + _ . d¢? dg?
0,2 8H) = ——r (£, £)07 ()0 ©)e(£) 0™ (€) 0 (E)p(E) —
wiv ¢ &
Then we have
oy(x,y) e o (x,y) + 3(00(x)80(y) — 00(y)60(x)), (C.17)

the additional term is not important in (C.10) because &y is an exact form. The limit (C.17)
explains the name g-deformed Riemann bilinear relations for (5.8).
Consider now
2 22 1 _ N _ N d¢? dg?
pu(E7,67) = ET(C)T(S)w(C, §)0 ()0 e(5)0 (5)Q (E)w(é)ﬁg—z-
We want to show that
pv(x,y) el p(x, y).

First, it is rather easy to find that in singularity (6.5) two simple poles produce in the classical
limit the double pole in (C.13). Second, we have the normalization conditions (6.10). They
look different from the normalization conditions (C.14) because of the presence of the term
de?
? .
However, this term for « = 0,v — 0 is of order v?, while p,(¢2, £2) is of order 1. So
term (C.18) does not count and from (6.10) withm =1, ..., n — 1 we get the normalization
conditions (C.14). Conditions (6.10) with m = 0, n show that the differential p, (2, £2) in
the limit v — 0 does not have simple poles at 2 = 0, oo which were originally present.

Thus we conclude that the function w (¢, &) is related in the classical limit to the canonical
normalized second kind differential.

Note a clear similarity between formula (C.16) and our main formula (6.1).

1 —
— | TG DDA Y (/6 Q™ ()0 () (%) (C.18)

wiv Jr
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Appendix D. Equivalence of different non-degeneracy conditions

In this appendix, we show that the conditions det(A¥) # 0 are equivalent to the fact that the
scalar product (2.3) does not vanish. We use usual notations of the quantum inverse scattering
method (QISM) [15]:

A B
Ta’M@:( (9] (;)) .

C@) D)

Consider the case when all the spaces in the Matsubara direction are two-dimensional (spin
1/2). The basis of the two-dimensional space will be denoted by e... Introduce two vectors in
Matsubara space

[+) =e; Q- Qey,, =) =e.® - -Qe_. D.1)
The eigenvector |«) is written in QISM framework as
i) =TTc()-). (D.2)

where (k; )2 are zeros of £* Oy (¢, k) which is a polynomial of £2. Tt is well known that this
eigenvector does not vanish identically unless 7; = tjq for some j > i. The latter situation has
to be forbidden from the very beginning because the tensor product on ith and jth spaces is
reducible and contains one-dimensional sub-module. On the other hand, there is no problem
with the case ; = 7j¢ ' which allows the fusion procedure, and show that our considering
only spin 1/2 representations is not a real restriction.

Consider now the vector [ B(1})[+), where ()\Jf’)z are zeros of { ™ Q%,(¢, «). This vector
also does not vanish identically, it is an eigenvector of Ty (¢, ) with the same eigenvalue as
(D.2). Hence, the assumed uniqueness of the eigenvector with the eigenvalue of maximal
absolute value implies that this vector is proportional to |«) with some coefficient which
depends on 7; and k, the exact form of this coefficient is irrelevant here.

Now consider the scalar product (2.3). We do not care about the normalization of the
eigenvectors, so, in traditional QISM way it is written as

(e +ale) = (=T B) [TCO5)I-)
where (pcji)z are zeros of ¢~ Qﬁ(;, k). Due to the previous remark we rewrite

(k +alc) = const(—| [ [ B(uy) [] B()14). (D.3)

where const is a non-vanishing constant which was discussed above. So, we conclude that
the scalar product in question is given essentially by the partition function with domain wall
boundary conditions

Mo, Gl w) = [ [ I [ BEIH)
j=1

with specification {§;} = {u; } U {k}r}, note that independently of spin of our eigenvectors the
number of elements in the latter set is n.

Being a polynomial of degree n — 1 in &2 the function M,, is completely characterized by
the recurrence relation:

My, .. 61, TalT, - Tam1, Ta) = (612 - 1)1’;1 l—[ Tj_z

< [1(@°€ — w2) (@t — ) Maa (. .. EacalTr . Ta)- (D.4)
j#n
This recurrence was solved by Izergin who found a determinant formula for M,,_; [16].
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On the other hand, we have the determinant det(A*) of (m+ 1) x (n+ 1) matrix. This
determinant depends on the Bethe roots only through the product Q™ (¢, k +&) O*(¢, k). Once
again we consider the union {&} = {x; } U {1} and normalize this product as follows:

n

Q0 (Ck+) Q' (e, =[] (7 -§&).

j=1

The determinant can be reduced in two steps:

det (A7) o0 = =271 [ [ & det (A) iy

0 . M D.5)
det (Ai,j)i,j=1 ..... n = —2midet (’Ai»j)i,jzl,...,nfl’
where we used the obvious identities:
. d¢? .
Q¢+ ) 0¥ (¢, wm% = (—D""2isye [ 6
To
a+2j H— + dgz .
07, k+a)0 (LK)ﬁD(K)F = —2midjn,
I

Making the dependence on n and other parameters explicit we introduce
Dl‘l(sls ] Sn'tla R Tn)
_ (_1\n(m=1)/2 -2 2 1.2 2_ 2 +
=D [T5° 11w —a ') [T (5 — o) det (A5, jy
ij i<j
where we preferred the intermediate reduction from (D.5) for its antisymmetry with respect to
permutation of ts. In the case of two-dimensional representations in the Matsubara direction
the integrals in A;fj are easy: they are given by the sum of two residues. Obviously, Dy is a
polynomial in &2 of degree n. However the second relation from (D.5) shows that the actual
degree ism — 1.
Set & = 7, and multiply the matrix A* from the right by the matrix / — t2E with
E; j = 6; j—1. Then it is easy to see that in the last row only nth matrix element does not

vanish. Using this, after some simple algebra one sees that Dy, satisfies relation (D.4). Hence
we conclude that

Dn(sla L} El’l'rla LR} Tn) = Ml'l(gla ] En|f1’ LR .’:Il)'

Due to the above reasoning it shows that (« + «|«) is proportional to det(.4*) with a non-
vanishing coefficient. Similarly, rewriting (x + |k} as

(K + a|i) = const{+]| l_[ C(,u;) l_[ C(k})l—),

one proves that it is proportional to det(.4™~) with a non-vanishing coefficient.
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